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COURSE GOALS 
       This course has two specific 
goals: 
• (i) To introduce students to 
concepts of stresses and strains; 
shearing force and bending 
moment; torsion and deflection of 
different structural / machine   
elements: as well as analysis of 
stresses in two dimensions 
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COURSE GOALS 
        
 
• (ii) To develop theoretical and 
analytical skills relevant to the 
areas mentioned in (i) above. 
 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
COURSE OUTLINE 
 
Unit -I Stress, strain and deformation 
of solids 
 Simple and compound bars, thermal 
stresses, Elastic constants and strain 
energy 
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course outline ….. 
 
Unit – II Beams – loads and stresses 
 shear force and bending moments, 
theory of simple bending, bending and 
shear stresses 
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course outline …. 
Unit –III Torsion 
 Torsion on circular bars, power 
transmitted by solid and hollow shafts 
– springs 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
course outline …. 
Unit – IV Deflection of beams and 
column theories 
 Double integration method, 
Macaulay‟s method and area moment 
method.  
 Columns – Euler‟s theory and 
Rankine‟s formula 
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course outline …. 
 
Unit – V Stresses in two dimensions 
  
 Thin cylindrical and spherical shells, 
Principal stresses and planes – Mohr‟s 
circle 
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UNIT -1  
STRESS, STRAIN  AND  
DEFORMATION OF SOLIDS 
Definitions:  
Rigid Body: A rigid body is an idealization 
of a solid body of finite size in which 
deformation is neglected.  
In other words, the distance between any 
two given points of a rigid body remains 
constant in time regardless of external 
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Deformable body: A deformable body is a 
physical body that deforms, meaning it 
changes its shape or volume while being 
acted upon by an external force. 
 
Elasticity : The property which enables a 
material to change its dimension, volume, or 
shape in direct response to a force effecting 
such a change and to recover its original 
form upon the removal of the force. 
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  Elastic : If a material returns to its    
original    size and shape on removal of 
load causing deformation, it is said to  be 
elastic.  
  Elastic limit, is the limit up to which the 
material is perfectly elastic.  
 Elastic stress is the maximum stress or 
force per unit area within a solid material 
that can arise before the onset of 
permanent deformation. 
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•  When stresses up to the elastic limit 
are removed, the material resumes its 
original size and shape.  
 
• Stresses beyond the elastic limit cause 
a material to yield or flow. For such 
materials the elastic limit marks the end 
of elastic behaviour and the beginning 
of plastic behaviour. 
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The strength of any material relies on the 
following three terms:  
Strength,Stiffness and Stability. 
 Strength means load carrying capacity, or 
it is the ability to withstand an applied 
stress without failure. The applied stress 
may be tensile, compressive, or shear.  
 Stiffness means resistance to 
deformation or elongation, and  
Stability means ability to maintain its initial 
configuration.  
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Stiffness (k)  
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Stress is a measure of the internal 
reaction between elementary particles of 
a material in resisting separation, 
compaction, or sliding that tend to be 
induced by external forces. 
 Mathematically, it is expressed as the 
ratio of the load applied to the cross 
sectional area. 
Unit:  Usually N/m2 (Pa), N/mm2,  MN/m2,  
GN/m 





Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Strain is defined as the amount of 
deformation an object experiences 
compared to its original size and shape. 
• i.e., strain is the relative change in shape 
or size of an object due to externally 
applied force. 
• Mathematically, it is expressed as the 
ratio of change in dimension to original 
dimension 
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Hooke’s Law: It states that providing  the 
limit of proportionality of a material  is not 
exceeded, the stress is directly  proportional 
to the strain produced.   
• i.e., with in the elastic limit, the stress is 
directly proportional to the strain 
•  If a graph of stress and strain is plotted as 
load is gradually applied, the first portion 
of the graph will be a straight line.   
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• Modulus of Elasticity (E) 
• It is defined as the stress intensity required 
by the body to produce unit strain. 
• It is a measure of the stiffness of a 
material.  
     Direct stress (ζ) 
E = ------------------ 
  Direct strain (ε) 
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Direct or Normal stress 
When a force is transmitted through a 
body, the body tends to change its 
shape or deform.  The body is said to 
be strained. 
 
• Direct Stress =       Applied Force (F)      
                             Cross Sectional Area (A) 
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Direct Stress Cont... 
• Direct stress may be tensile, t or 
compressive,  c and result from forces 
acting perpendicular to the plane of the 
cross-section 
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Direct or Normal Strain 
 
• When loads are applied to a body, some 
deformation will occur resulting to a 
change in dimension.   
• Consider a bar, subjected to axial tensile 
loading force, F.  If the bar extension is ∆ 
and its original length (before loading) is L, 
then tensile strain is:   
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Direct or Normal Strain Cont…. 
• Direct Strain (     )   = Change in Length 
                                         Original Length 
i.e.        = ∆/L 






Direct or Normal Strain Contd. 
• As strain is a ratio of lengths, it is 
dimensionless.   
• Similarly, for compression by amount,∆ :  
Compressive strain = - ∆ /L 
• Note:  Strain is positive for an increase 
in dimension and negative for a 
reduction in dimension. 
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Shear Stress and Shear Strain 
• Shear stresses are produced by 
equal and opposite parallel forces 
not in line. 
•   The forces tend to make one part 
of the material slide over the other 
part.   
• Shear stress is tangential to the 
area over which it acts. 
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Shear Stress and Shear Strain Contd. 










Shear Stress and Shear Strain Contd. 
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Shear strain is the distortion produced 
by shear stress on an element or 
rectangular block as above.  The shear 
strain, (gamma) is given as: 
              =  x/L  
  =  tan   

Shear Stress and Shear Strain Contd 
• For small  angle    ,   
•  Shear strain then becomes the change in 
the right angle.   
• It is dimensionless and is measured in 
radians.  
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  
Complementary Shear Stress 




 2  2
P Q 
S R 
Consider a small element, PQRS of 
the material in the last diagram.  Let 
the shear stress created on faces PQ 
and RS be    1
b 
Complimentary Shear Stress Contd. 
• The element  is therefore subjected to 
a couple and for equilibrium, a 
balancing couple must be brought 
into action. 
•   This will only arise from the shear 
stress on faces QR and PS.   
• Let the shear stresses on these faces 
be  
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 2
Complimentary Shear Stress Contd. 
• Let t be the thickness of the material at 
right angles to the paper and lengths of 
sides of element be a and b as shown. 
• For equilibrium,  clockwise couple = 
anticlockwise couple 
• i.e.  Force on PQ (or RS) x a  =  Force on 
QR (or PS) x b 
•   









• Thus:   Whenever a shear stress 
occurs on a plane within a material, it 
is automatically accompanied by an 
equal shear stress on the 
perpendicular plane. 
 The direction of the complementary 
shear stress is such that their couple 
opposes that of the couple due to the 
original shear stresses.  
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Deformation of Simple Bars 
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 Ex 1: A lamp 
weighing W = 50N 
hangs from 
the ceiling by a steel 
wire of diameter 
D = 2.5mm 
Determine the 
elongation Δ of the 
wire due to the 
lamp‟s weight. 
Given:  
The wire supporting the lamp is 1.5m 
long  
The wire is steel with elastic modulus  
E = 200 GPa 
Required: Determine the elongation Δ of 
the wire due to the lamp‟s weight. 
Solution : 
Area = 4.91 mm2 
∆ = (50 x 1500) / (4.91 x 200 000) 
   = 0.0764 mm 
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Deformation of a solid 
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Total deformation of the bar, 
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L 
Elongation of a bar due to its 
self weight 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Deformation of the element, 
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Total deformation,  
where w = total weight of      
                  the bar 
               =  
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40 kN 50 kN 
Deformation of a Stepped Bar 
Ex 2: A steel bar ABCD is shown in 
fig. Determine the total change in 
length of the bar. Take E = 200 Gpa.  
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Free body diagram 
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    = 0.0333 - 0.18 + 0.05 
    = -0.0967 mm (- sign indicates the   
             deformation in contraction) 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Composite bar 
Definition: A bar made up of two or 
more different materials and  fastened 
together to prevent uneven straining 
and act as a single bar subjected to 
axial loading or temperature change. 
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by equilibrium condition 
 
P  = PS + PC 
 
 = fSAS + fC AC ------ > (1) 
 
by compatibility condition  
 
Δs  =    Δc 
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solving ( 1 ) & (2 ), we get fs and fc 
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Ex 3:  
A steel rod of diameter 25 mm is placed 
inside a copper tube of internal 
diameter 30 mm and external diameter 
40 mm, the ends being firmly fastened 
together. Determine the stresses 
induced in the steel rod and copper 
tube when the composite bar is 
subjected to a compressive load of 500 
kN. Take Es = 2 x 10
5 N/mm 2  and  
Ec = 1.1 x 10
5 N/mm 2   
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Solution 
 
Area of steel rod AS              
 
Area of copper tube Ac  =(π/4)× (40
2-302)  
 
By equilibrium equation,      
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By compatibility condition, 
Solving (1) and (2) , we get 
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Ex 4:  
A steel rod of diameter 30 mm and 
length 500 mm is placed inside a 
aluminium tube of internal diameter 
35 mm and external diameter 45 mm 
which is 1 mm longer than the steel 
rod. A load of 300 kN is placed on the 
assembly through the rigid collar. 
Find the stress induced in steel rod 
and aluminium tube  
Take Es = 200 GPa and Ea = 80 GPa 
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Initial load carried by aluminium tube 
alone  corresponding to a 
compression of 1 mm  
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Load for composite action,  
                               = 300000-100330 
                               = 199670 N 
 
By equilibrium condition of  
composite action,  
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Solving (1) and (2), we get 
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Ex 5 
 Two vertical rods one of steel and the 
other of copper are rigidly fastened at their 
upper end at a horizontal distance of 200 mm 
as shown in fig. the lower end supported a 
rigid horizontal bar, which carries a load of 10 
kN. Both the rods are 2.5 m long and have 
cross sectional area of 12.5mm2. Where 
should a load of 10 kN be placed on the bar, 
so that it remains horizontal after loading. 
Also find the stresses in each rod. Take Es= 
200 Gpa and Ec=110Gpa. Neglect bending of 
cross bar. 
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   by compatibility, 
by equilibrium condition,  
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Solving (1) & (2), we get 
Position of load 
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Thermal stresses 
 
Whenever  there is some increase or 
decrease in the temperature of a body, 
it causes the body to expand or 
contract.  
If the body is allowed to expand or 
contract freely, with the rise or fall of 
temperature, no stresses are induced 
in the body. 
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Thermal stresses …. 
If the deformation of the body is 
prevented, some stresses are induced in 
the body. Such stresses are called 
thermal stresses or temperature stresses. 
Change in length of a bar due to 
change in temperature,      ∆ = lαt 
Where ,l =  length of the member 
            α = co efficient of thermal    
                  expansion of the material 
             t = change in temperature 
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Note 
 „f‟ is compressive in nature due to 
increase in temperature and tensile in 
nature due to decrease in temperature 
We know, for an axially loaded bar, 
Thermal stresses 
, 
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Ex:6 
 A steel rod of length 3m, 
diameter 20mm is subjected to an 
increase in temperature of 100°C. 
Find (i) the free expansion of the rod 
and stress induced in the rod when 
the expansion is fully prevented.  
(ii) the stress in the rod when the 
extension permitted is 1mm.  
Take α=12×10-6/°c and ES= 200 Gpa.  
 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Solution 
Free expansion of steel rod = lαt 
                  
 
 
Stress induced when the expansion is 
fully prevented ,f = Eαt 
 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
If the extension permitted,λ = 1mm 
 
∴ extension prevented = (lαt- λ) 
                                   = 3.6-1 
     = 2.6mm 
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Ex:7 A tapered bar as shown in Fig. below is 
subjected to a increase in temperature of 
90˚C. Find maximum and minimum stress 
induced in material when expansion  is 
totally prevented.  
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d1 = 100mm d2 = 150mm 
l = 400 mm 
Soln: 
Free expansion, Δ = l αT 
  If the expansion of the bar is totally 
prevented, then this is equivalent to the 
same bar is subjected to a compressive 
force (P) 
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Thermal stress on composite 
bar   
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Ex:8  A composite bar is made with 
a copper flat of size 50×30mm and 
steel flat of 50×40mm of length 
500mm each placed one over the 
other. Find the stress induced in the 
material, when the composite bar is 
subjected to an increase in 
temperature of 100°C. Take  
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For composite action; 
There is a push in copper and pull in steel. 
For equilibrium,  
push in copper (    ) = pull in steel (   ) 
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Actual expansion of copper (extension) 
  = (free expansion of copper –  
           contraction due to composite action) 
Actual expansion of steel  
 = (free expansion of steel) +    
           (expansion due to composite action) 
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For composite action, 
 
                                                               …………….(2) 




   fs=32.78 N/mm
2 (T) 
   fc=43.60 N/mm
2 (C) 
 
 Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
   
Ex:9 A rigid horizontal bar of negligible 
mass is connected to two rods as 
shown in Fig. If the system is initially 
stress-free. Calculate the temperature 
change that will cause a tensile stress 
of 90 MPa in the brass rod. Assume 
that both rods are subjected to the 
change in temperature. 
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Solution 
Let , Pbr  be the force in brass rod 
and Pco be the force in brass rod  
due to the change in temperature. 
 




(Stress induced in the copper rod) 
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We know, 
Where δbr and δco are the amount 
of deformations prevented in the 
brass and copper rod respectively 
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Let  δT(br) and δT(co) are the amount of 
free deformations induced due to 
change in temperature in the brass 
and copper rod respectively. 
Net deformation of brass rod 
     = δbr  - δT(br) and 
net deformation of copper  rod 













(drop in temperature) 




Shrinking on stresses 
The inner diameter of the steel 
tyre is slightly greater than the 
outer diameter of the wooden 
wheel. 
The steel tyre is heated and 
slipped on to the wooden wheel 
and cooled to fit. 
Strain in the steel tyre  
= (π D - π d)/ π d  = (D - d)/d 
Stress in the steel tyre  
= E (D - d)/d 
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Poisson's ratio (µ), is the ratio, when 
a sample object is stretched, of the 
contraction or transverse strain 
(perpendicular to the applied load), to 
the extension or axial strain (in the 
direction of the applied load).  
 




 When a material is compressed in 
one direction, it usually tends to expand 
in the other two directions 
perpendicular to the direction of 
compression. This phenomenon is 
called the Poisson effect. 
 
 Poisson's ratio µ(nu) is a measure 
of the Poisson effect.  
 










Conversely, if the material is stretched 
rather than compressed, it usually 
tends to contract in the directions 
transverse to the direction of stretching. 
Again, the Poisson ratio will be the ratio 
of relative contraction to relative 
stretching, and will have the same 
value as above.  
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Most materials have Poisson's ratio 
values ranging between 0.0 and 0.5. 
A perfectly incompressible material 
deformed elastically at small strains 
would have a Poisson's ratio of 
exactly 0.5.  
Rubber has a Poisson ratio of nearly 
0.5. 
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• Most steels and rigid polymers when 
used within their design limits (before 
yield) exhibit values of about 0.3, 
increasing to 0.5 for post-yield 
deformation (which occurs largely at 
constant volume.) 
• Cork's Poisson ratio is close to 0: 
showing very little lateral expansion 
when compressed 
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Poisson‟s ratio, 
 µ =  
 
Volumetric strain of a rectangular body 
subjected to an axial force 
 Initial volume,  
 Final length,      
 Final breadth,    
 Final thickness, 
  Final volume,   
_ 
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Change in volume,  
Neglecting the product of two or 
more small quantities 
  V 
 
_ 
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Volumetric strain,  
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(or) 
Differentiating, we get 
 ie., 
Volumetric strain = Sum of linear strains 
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Note: 
1) For a solid cylindrical bar  of 
diameter „d‟ and length „l‟ 
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Note: 
 2)  For a sphere of diameter ‘D’ 
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Volumetric strain of a rectangular body 
subjected to three mutually 
perpendicular forces 
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Volumetric strain,  
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Ex:10 A solid metallic bar of size 200mm  
× 100mm × 70mm is subjected to forces 
in three mutually perpendicular directions 
as shown in Fig.  Find the change in 
volume of the bar. Take E=200GPa and 
Poisson‟s ratio, µ=0.25. Also find the 
change that should be made inthe 900kN 
load, in order that there should be no 
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Py  = 900 kN 
   900 kN 
Px = 600 kN 600 kN 
Pz  = 800 kN 






















      
      change in volume,  
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Change required in the 900 kN 
load for no change in volume 
 
 Let P be the compressive load in 
kN that should be made to act in the 
plane to 900 kN load in order that 
there should be no change in volume 
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When a body is subjected to three 
mutually perpendicular stresses of 
equal intensity, the ratio of direct 
stress to the corresponding 




The ratio of the stress on the body to 
the body's fractional decrease in 
volume is the bulk modulus.  
i.e., it is defined as the direct stress 
required to produce unit volumetric 
strain in the body. 
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Relation between Bulk Modulus 
and Modulus of Elasticity 
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Volumetric strain, 
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Shear modulus 
• Shear Modulus or Modulus of Rigidity 
is the coefficient of elasticity for a 
shearing or torsion force.  
• The ratio of the tangential force per 
unit area to the angular deformation 
in radians is the shear modulus. 
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• The shear modulus is the elastic 
modulus we use for the deformation 
which takes place when a force is 
applied parallel to one face of the 
object while the opposite face is held 
fixed by another equal force.  
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• When an object like a block of height 
L and cross section A experiences a 
force F parallel to one face, the 
sheared face will move a distance Δx. 
The shear stress is defined as the 
magnitude of the force per unit cross-
sectional area of the face being 
sheared (F/A). The shear strain is 
defined as Δx/L.  
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Shear modulus, 
The shear modulus N is defined as 
the ratio of the shearing stress to the 
shearing strain.  
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C‟‟ 
Relation between Shear Modulus 
and Modulus of Elasticity 
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Shearing strain 
Strain in the diagonal AC 
Linear strain in the diagonal AC  
















f cos 45 ( a√2 * 1) – q (a * 1) = 0 
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Considering an element in the diagonal, 
Strain in the diagonal AC,  
) 
From (1) & (2) 
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Relation between E,K and N 
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We know that, 
From (2), 
From (1),  
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Ex 11: A bar (square) of size 10mm × 10mm 
is subjected to an axial pull of 25kN. The 
measured extension over a gauge length 
of 200mm is 0.25mm. Final dimension of 
the bar is 9.997 × 9.997 mm. Find the 
Poisson‟s ratio µ and the three elastic 
modulii. 
Soln:  L = 200mm 










P = 25 kN 
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Strain energy 
 Whenever a body is strained, some 
amount of energy is absorbed in the 
body. The energy that is absorbed in 
the body due to straining effect is 
known as strain energy. 
(or) 
The potential energy stored in a body 
by virtue of an elastic deformation, 
equal to the work that must be done 
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Work and Energy 






Consider a solid object 
acted upon by force, F, at a 
point, O, as shown in the 
figure. 




For the general case: 
W = Fx dx 
i.e., only the force in 
the direction of the 
deformation does work. 
Amount of Work done 
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Constant Force: If the Force is 
constant, the work is simply the 
product of the force and the 





Amount of Work done 
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Linear Force: If the force is proportional 









Strain Energy  
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F 
x 
Consider a simple spring system, 
subjected to a Force such that F is 
proportional to displacement x; 
F=kx.  
Strain energy = kx2 
 
Strain Energy  





This energy (work) is stored in the 
spring and is released when the force 
is returned to zero 
Strain Energy Density 


















aeaeaU xxxx  
Where U is called the Strain 
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Strain energy density 
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density 
density ϵ 
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• Resilience is the property of a material to 
absorb energy when it is deformed 
elastically and then, upon unloading to 
have this energy recovered.  
• The total strain energy stored in the body 
is generally known as resilience. 
• The maximum energy which can be stored 
in a body up-to elastic limit is called proof 
resilience 
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• Modulus of resilience is the energy 
that can be absorbed per unit volume 
without creating a permanent 
distortion. It can be calculated by 
integrating the stress-strain curve 
from zero to the elastic limit and 
dividing by the original volume of the 
specimen 
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Ex:12. A cube of mild steel is 
subjected to a uniform uniaxial 
stress as shown; 
Determine the strain energy density 
in the cube when: 
x 
(a) the stress is 
300 MPa; (b) the 
strain in the x-
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(a) For a linear elastic material 




















(b) Consider elastic- plastic 


















        +350(0.0022) 
=1.085 N.mm/mm3 
 















F= Axial Force 
A = Cross-Sectional Area    
 Perpendicular to “F” 
E = Modulus of elasticity,  
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Comparison of Energy Stored in Straight and 
Stepped bars 




















































                       UNIT–2  
 
BEAMS – LOADS AND STRESSES 
 
Beam - Definition 
 A structural member which is long when 
compared with its lateral dimensions, 
subjected to transverse forces so 
applied as to induce bending of the 
















In most cases, the loads are 
perpendicular to the     axis of the beam. 
Such a transverse loading  causes only 
bending and shear in the beam. 
 
When the loads are not at a right angle 
to the beam, they also produce axial 
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Types of loads 
(a) Concentrated loads 
(b) Distributed loads 
(c) couples 
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 Types of beams 
• Beams are usually described by the manner 
in which they are supported and also based 
on degree of statical indeterminacy   
 
• Based on support condition, they are 
classified as  
(i) simply supported beam or a simple beam 
(ii) cantilever beam 
(iii) beam with overhangs 
(iv) Continuous beam 
(v) Propped cantilever 
(vi) Fixed beam 
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simply supported beam: A beam with a pin support at one 
end and a roller support at the other is called a simply 
supported beam or a simple beam 
 
cantilever beam: A beam which is fixed at one end and free 
at the other end.  The free end is free to translate and rotate 
unlike the fixed end that can do neither.  
 
Overhangs beams: A simply supported beam with 
overhangs at the end/ends. 
 
Continuous Beam: A beam supported by more than two 
supports 
 
Propped cantilever : A beam with one end fixed and the 
other end hinged or supported on rollers. 
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• Based on the degree of statical indeterminacy 
beams are classified as  
(i) statically determinate beams 
Ex: simply supported beams with or with our                   
 overhangs and  
         cantilever beams 
 
(ii) statically indeterminate beams  
 Ex: Continuous beams,  
        Propped cantilever and 
        Fixed beams 
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  (i) statically determinate beams 
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• (ii) Statically Indeterminate Beams 
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SHEAR FORCE AND BENDING MOMENT 
 
• When a beam is loaded by forces or 
couples, stresses and strains are created 
throughout the interior of the beam.   
• To determine these stresses and strains, the 
internal forces and internal couples that act 
on the cross sections of the beam must be 
found.   
• To find the internal quantities, consider a 
simply supported beam as in Figure below 
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• Cut the beam at a cross-section C located at a 
distance x from end A and consider the free 
body of left or right part. 
• The free body is held in equilibrium by the 
forces and by the stresses that act over the 
cut cross section.   
• The resultant of the stresses must be such as 
to maintain the equilibrium of the free body.  
• The resultant of the stresses acting on the 
cross section can be reduced to a shear force 
V and a bending moment M. 
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Concept 
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• Concept 
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• The stress resultants in statically determinate 
beams can be calculated from equations of 
equilibrium 
Definitions: 
• Shear Force:  is the algebraic sum of the 
vertical forces acting to the left or right of the 
cut section 
 
• Bending Moment:  is the algebraic sum of 
the moment of the forces to the left or to the 
right of the section taken about the section  
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• Sign convention 
 The shear V and the bending moment M at a 
given point of a beam are said to be positive 
when the internal forces and couples acting 
on each portion of the beam are directed as 
shown in Fig. a. 
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• These conventions can be more easily 
remembered if we note that 
 
• 1. The shear at any given point of a beam is 
positive when the external forces (loads 
and reactions) acting on the beam tend  to 
shear off the beam at that point as indicated 
in Fig.b. 
• 2. The bending moment at any given point 
of a beam is positive when the external 
forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. c. 
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• Ex: 13  
•  Draw the shear 
and bending-moment 
diagrams for a simply 
supported beam AB 
of  span L subjected 
to a single 
concentrated  load P 
at it midpoint C 
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  Beam 
 
 
    SFD 
 
 
   BMD 
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• Ex: 14 
• Draw the shear and bending-moment diagrams 
for the simply supported beam shown in Fig. 
5.13 and determine the maximum value of the 
bending moment. 
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  BMD 
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• RELATIONS AMONG LOAD, SHEAR, 
 AND BENDING MOMENT 
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 Ex.16 Draw the SFD and BMD for the 
simply Supported beam subjected to a 







      






Step 1 Determination of support reactions 
To find VB,   apply moment equilibrium condition 
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VA = wl/6 
 
VB = wl/3 
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Step 2 Shear force diagram 
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General equation for shear force at a section 
X,  at a distance x from A, 
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Step 3 Bending Moment Diagram 
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MA = 0 
MB = 0 
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SFD 
BMD 
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Determination of Maximum bending moment 
Since             is not admissible, 
 
Therefore,  
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Ex.17 Draw the SFD and BMD for the simply 
Supported beam shown below. 
VB VA 
Step 1: Determination of support reactions 
To find VB,   apply moment equilibrium condition 
at A, i.e.,    ∑ MA  = 0   
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Step 2 Shear force diagram (SFD) 
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Step 3 Bending Moment Diagram (BMD)                    
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Ex : 18 Draw the SFD and BMD for the  





Step 1: Determination of support reactions 
 To find the reaction at B, apply moment 
equilibrium condition at A, ∑ MA  = 0  
i.e., 10- VB x5=0 
VB = 10/5 = 2 kN    , and VA = 10/5 = 2 kN  
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Step 2 Shear force diagram (SFD) 
 (FA)L = 0,       (FA)R = -2 kN  
 FC = -2 kN 
 (FB)L = -W,       (FB)R = 0  
Step 3 Bending Moment Diagram (BMD)                    
 MA = 0 
 (MC)L = -2 × 2 = -4 kNm 
 (MC)R  = 2 × 3 = 6 kNm 
 MB = 0 
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SFD 
BMD 
Ex:19 Draw the SFD and BMD for the  Supported 






Step 1: support reactions 
VA = 8/4 = 2 kN 
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Step 2 Shear force diagram (SFD) 
 (FA)L = 0,       (FA)R = 2 kN  
 (FB)L = 2 kN ,       (FB)R = 0  
Step 3 Bending Moment Diagram (BMD)                    
 (MA)L  = 0 
 (MA)R  = -8 kNm 
 MB  = 0 
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Ex:20. Draw the SFD and BMD for the  






Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Soln:    
Step 1: Determination of support reactions 
To find VB,   apply ∑MA = 0 
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y = 3 +2x 
Step 2 Shear force diagram (SFD) 
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    ( - ve value is not admissible) 
Therefore, x = 1.6225m  
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Step 3 Bending Moment Diagram (BMD)                    
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For Mx to be maximum, 
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Ex:21. A simply supported beam of span 8m is 
subjected to two couples as shown in figure 
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Soln:  
Step 1: Determination of support reactions 
 
To find VB,   apply ∑MA = 0 
 
-18 + 34 – VB ×8 = 0    
VB  = 2 kN  
      VA  = - 2 kN  
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• Step 2 Shear force diagram (SFD) 
 (FA)L = 0,       (FA)R = -2 kN  
  FC = 0 
 FD = 0 
 (FB)L = -2 kN ,       (FB)R = 0  
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Step3: Bending Moment Diagram (BMD) 
 MA = 0 
 (MC)L = -2 × 2 =  - 4 kNm 
 (MC)R  = - 2 × 2 – 18 = - 22 kNm 
 (MD)L  = - 2 × 6 – 18 = - 30 kNm 
 (MD)R  = 2 × 2 = 4 kNm      (or) 
        = - 30 + 34 = 4 kNm   
 MB = 0 
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 EX:22  Draw the shear force and bending 
moment diagram for a cantilever subjected 
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Solution: 
Step 1: Support Reactions:  
VA = W ;  MA = Wl 
Step 2: Shear force diagram (SFD)  
(FA)L = 0,       (FA)R = W  
(FB)L = -W,       (FB)R = 0  
 
Step 3: Bending Moment Diagram (BMD)  
(MA)L = 0,       (MA)R = -Wl ,    MB = 0  
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SFD 
BMD 
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Ex:23.Draw the shear force and bending 
moment diagram for a cantilever subjected 
to a u.d.l over the entire span 
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Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
  
Solution: 
Step 1: Support Reactions:  
      
 
Step 2: Shear force diagram (SFD)  
(FA)L = 0,       (FA)R = wl  
FB = 0 
Step 3: Bending Moment Diagram (BMD)  
(MA)L = 0,       (MA)R = -        ,    MB = 0  
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SFD 
BMD 
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Ex:24. Draw the shear force and bending 













Soln:     
Step 1: Support Reactions 
  VA = 4×5 + 10 = 30 kN  
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VA  
Step 2:  Shear force diagram (SFD) 
(FA)L = 0,       (FA)R = 30 kN 
FC  =30-4X5=10 kN 
(FD)L = 10kN,       (FD)R = 10-10=0 
FB =0 
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   (MA)R = - 114 kNm 
        (MA)L = 0 
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SFD   
BMD 
 POINT OF CONTRAFLEXURE 
 From B.M diagram  it is concluded that the 
point of contra flexure occurs in the portion 
DC, at a distance x from D.  
• From similar triangle principle 
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Therefore, x= 0.6 m 
 OVERHANGING BEAMS 
Ex:25. Draw the shear force and bending 
moment diagram for the beam shown 
below 
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Step 1 Determination of support reactions 
To find VB ,   ∑ MA  = 0 
3 × 8 × 8/2 – VB × 8 + 6 × 10 = 0 
VB   = 19.5 kN 
To find VA ,   ∑ V  = 0 
VA  - 3 × 8 + VB – 6 = 0 
VA = 10.5 kN 
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Step 2 shear force diagram 
(FA)L = 0 kN 
(FA)R = 10.5 kN 
(FB)L = 10.5 – 24 = -13.5 kN 
(FB)R  = 6 kN 
(FC)L = 6 kN 
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Step 3 Bending Moment Diagram 
MA = 0,   
MB = -6 × 2 = -12 kNm 
and MC  = 0 
Maximum BM  
Occurs in the span AB at the point of zero 
shear 
The shear force is zero at 10.5/3 = 3.5m from A 
Mmax =  10.5 × 3.5 – 3 × 3.5
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Point of contra flexure : 
The point of contra flexure occurs in the portion 
AB, at a distance x from A.  
Therefore,                        = 0  
  gives   x = 0, 7m 
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Ex:26. Draw the shear force and bending 
moment diagram for the beam shown 
below 
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Step 1 Determination of support reactions 
To find VC ,   ∑ MB  = 0 
(- 2 × 2 × 1) +( 4 × 6 × 3) – (VC × 6) = 0 
VC  = 11.33 kN 
To find VB ,   ∑ V  = 0 
(-2 × 2 )+ VB  - (4 × 6 )+ VC = 0 
VB = 16.67 kN 
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Step 2 shear force diagram  
(FA) = 0 kN 
(FB)L = - 2 × 2 = - 4 kN 
(FB)R  = - 4 + 16.67 = 12.67 kN 
(FC)L = -11.33 kN 
(FC)R = 0 kN 
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Step 3 Bending Moment Diagram  
MA = 0 
MB = - 2 x 2 x 1 = - 4 kNm 
MC  = - 2 × 2 × 7 + 16.67× 6 - 4 × 6 × 3  
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Maxmium Bending Moment 
Position of zero shear( max BM ): 
X = 11.33/4 = 2.8325 m 
Bending moment at a section x from C is given 
by              Mx  = 11.33(x) – 2(x)
2  
Therefore Mmax  = 11.33(2.8325) – 2(2.8325)
2     
    = 16.05 kNm 
Point of contra flexure 
11.33(x) – 2(x)2  = 0, gives x = 0 , 5.665m 
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Ex.27 Analyse the beam shown in fig and 
draw the SFD and BMD. Mark all salient 
values and also draw the axial force 
diagram. 
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 HA = 12 cos (30) = 10.39 kN  
 
To find VB , apply  
(6 × 2) + (2 × 4 × 6) + (6 × 9) – (VB × 8) = 0 
VB   = 14.25 kN 
VA =  (6+8+6) – 14.25 
                        = 5.75 kN    
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∑MA = 0  
Step 1 Determination of support reactions 
 
Step 2 shear force diagram  
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Step 3 Bending Moment Diagram  
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Point of Contra flexure 
  Let the point of contra flexure (P) be at 
a distance x from B in the portion DB. 
  We know the BM at any section X in 
DB at a distance x from B, 
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At P, BM = 0 
X = 0.806 m , 7.44 m (which is not admissible) 
 
 
Axial Force Diagram 
  Portion AC is subjected to an axial 
tensile force of 10.39 kN 
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Ex:28. A beam of length l metre carries a udl 
of w kN/m over the entire length and rests 
on two supports with both sides 
overhanging equally. At what fraction of 
the length must the supports be placed so 
that the maximum BM produced in the 
beam is least possible? Draw the SFD and 
BMD for the beam. 
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Soln: 
  Let the supports be placed at distance 
x from each edge of the beam. 
  For maximum BM to be least possible, 
magnitude of max –ve BM must be equal 
to magnitude of max +ve BM.  













    









Negative value will not be admissible 
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BENDING STRESSES IN BEAMS 
• The bending moment at a section tends to 
bend or deflect the beam and the internal 
stresses resist its bending. 
• The process of bending stops, when every 
cross section sets up full resistance to the 
bending moment. 
• The resistance offered by the internal 
stresses, to the bending, is called bending 
stress, and the relevant theory is called the 
theory of simple bending.  
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Assumptions in Simple Bending 
Theory 
1. The material of the beam is perfectly 
homogeneous (i.e., of the same kind 
throughout) and isotropic (i.e., of equal 
elastic properties in all directions). 
2. The beam material is stressed 
within its elastic limit and thus, obeys 
Hooke's law. 
3. The transverse sections, which were 
plane before bending, remain plane 
after bending also. 
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Assumptions in Simple Bending Theory 
4. The beam is made up of number of 
layers placed one over the other, and 
each layer of the beam is free to expand 
or contract, independently, of the layer 
above or below it. 
5. The value of modulus of elasticity is the 
same both in tension and compression. 
6. The beam is in equilibrium i.e., there is 
no resultant pull or push in the beam 
section. 
7. The beam is initially straight 
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Theory of Simple Bending 
Consider an initially straight beam, 
under pure bending.   
The beam may be assumed to be 
composed of an infinite number of 
longitudinal fibers.  
 Due to the bending, fibres in the lower 
part of the beam extend and those in 
the upper parts are shortened.   
Somewhere in-between, there would be 
a layer or fibre that has undergone no 
extension or change in length.   
This layer is called neutral layer.  
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Theory of Simple Bending 
• Consider a small length of a simply supported 
beam subjected to a bending moment as 
Shown in Fig. (a). 
• Now consider two sections AB and CD, which 
are normal to the axis of the beam RS. 
• Due to action of the bending moment, the 
beam as a whole will bend as shown in Fig. 
(b). 
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Theory of Simple Bending 







• As a result of this moment, let this small length 
of beam bend into an arc of a circle with ‘O’ as 
centre as shown in Fig. 
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δa 
f 
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 Moment of resistance 
 we know, that  on one side of the 
neutral axis there are compressive 
stresses and on the other there are 
tensile stresses.  
These stresses form a couple, whose 
moment must be equal to the external 
moment (M).  
The moment of this couple, which 
resists the external bending moment, is 
known as moment of resistance. 
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• In the case of a beam, subjected to 
transverse loading, the bending stress at a 
point is directly proportional to its distance 
from the neutral axis.  
• It is thus obvious that a larger area near the 
neutral axis of a beam is uneconomical. This 
idea is put into practice, by providing beams 
of section, where the flanges alone 
withstand almost all the bending stress. 
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 Ex. 29. For a given stress, compare the moments 
of resistance of a beam of a square section, 
when placed (a) with its two sides horizontal and 
(b) with its diagonal horizontal as shown in Fig.  
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  Ex:30. A rectangular beam is to be cut from a 
circular log of wood of diameter D. Find the ratio 
of dimensions for the strongest section in 
bending. 
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Fig.5.8 

















= 0   𝑜𝑟  𝐷2 − 3𝑏2 = 0 
             𝑏 =
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 = 0.577𝐷 




    ∴  𝑑 =
2
3
𝐷 = 0.8165D 
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 Ex:31.Three beams have the same length, the 
same allowable stress and the same bending 
moment. The cross-section of the beams are a 
square, a rectangle with depth twice the width 
and a circle as shown in Fig. Find the ratios of 
weights of the circular and the rectangular 
beams with respect to the square beam. 
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Ex:32. Two beams are simply supported over the 
same span and have the same flexural strength. 
Compare the weights of these two beams, if one 
of them is solid and the other is hollow circular 
with internal diameter half of the external 
diameter.  
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 Ex:33. A rectangular beam 320 mm deep is 
simply supported over a span of 5 m. What 
uniformly distributed load the beam may carry, if 
the bending stress is not to exceed 100 MPa. 
Take I = 250 X 106 mm4. 
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Soln.  
 Section modulus, Z = I/y = 250 X 106/ 160 
         = 1562500 mm3. 
            Moment of resistance, M = fmax x Z 
         =100 x 1562500 
          = 156.25 x 106 mm4. 
We know that maximum bending moment, 
     M = wl2/8 
 
 
   W= 50N/mm 
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Ex:34. A beam section is of T-shape, 
formed by 2 planks of 120 mm and 20 
mm. The beam is  simply supported 
over a span of 3m and subjected to a 
u,d,l of 0.4kN/m. Draw the bending 
stress distribution diagram across the  
section at centre. 
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Soln:    
    M = 0.45 kNm 
               = 0.45 x 106 Nmm 
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The neutral axis is at a depth of 95 mm from bottom. 
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SHEAR STRESS DISTRIBUTION  
Shearing stresses at a section in a loaded 
beam:  
   Consider a small portion ABDC of length dx 
of a beam loaded with uniformly distributed load 
as shown in Fig.  
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  when a beam is loaded with a uniformly 
distributed load, the shear force and bending 
moment vary at every point along the length  of 
the beam. 
         Let,  M = Bending moment at AB, 
   M + dM = Bending moment at CD, 
   F = Shear force at AB, 
   F + dF = Shear force at CD, and 
   / = second moment of area of the  
       section about its neutral axis. 
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  Now consider an elementary strip at a 
distance y from the neutral axis. 
 
Let, f =  Intensity of bending stress across  AB  at 
       distance y from the neutral axis 
    f + df = Intensity of bending stress across CD  
 
and 
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We know 
 
Therefore   intensity of bending stress on the 
left side of the strip,  
 
Similarly, intensity of bending stress on the 
right side of the strip, 
   
 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
We know that the force acting on the strip 
across AB  
  = Stress × Area = f × da = 
 
Similarly, force acting on the strip across CD  
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  The total unbalanced force (F) at any 
layer at a distance y0 from the neutral axis 
can  be found out by integrating the above 




Where,   ay = first moment of area of the 
section above the layer taken about the 
neutral axis. 
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           ( where b is the width of layer) 
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Distribution of Shearing stress over a 
Rectangular Section 
  Consider a beam of rectangular section 
ABCD of width „b‟ and depth „d‟ as shown 
in Fig. 
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  We know that the shear stress on a layer 
JK of beam, at a distance y from the neutral 
axis, 
 
where  F = Shear force at the section, 
   a y = first moment of the shaded area       
    about NA 
        I = second moment of area of the  
  whole  section  about its neutral axis, 
and 
     b = Width of the section. 
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We know that area of the shaded portion AJKD, 
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Substituting the above values, 
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From the above equation, that shear 
stress increase as y decreases.  
 
At a point, where y = d/2, shear stress= 0 
We also see that the variation of shear 
stress with respect to y is a parabola. 
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  At neutral axis i.e., at y = 0, the value of 
shear stress is maximum.  






     where, 
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 The shear stress distribution diagram is 
shown in Fig. 
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Distribution of Shearing stress over a 
Triangular Section 
 Consider a beam of triangular cross section ABC 
of base „b‟ and height „h‟ as shown in Fig. 




  We know that the shear stress on a 




Where, F = Shear force at the section, 
    a y = first moment of the shaded area  
    about the neutral axis and 
        I = second Moment of area of the  
    triangular section about its neutral 
    axis. 
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. Area of the shaded portion AJK, 
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Centroid of the shaded area from the neutral axis,  
Substituting the values of bx, a and y 
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 Thus we see that the variation of shear stress is a 
parabola.  
 We also see that as a point where x = 0 or x = h, 
shear stress= 0.  
 At neutral axis, where x = 2h/3, 
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  Now for maximum intensity, 
differentiating the shear stress and 
equating to zero, we get 
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  Now substituting the value of x in the 
equation of shear stress, 
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 The shear stress distribution diagram is 
shown in Fig. 
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N A 
2h/3 
Distribution of Shearing stress over a 
Circular Section 
  Consider a circular section of diameter 
„d‟ as shown in Fig.  
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b r 
dy 
  We know that the shear stress on a layer JK 
at a distance y from the neutral axis, 
 
 
Where, F = Shear force at the section, 
    a y = Moment of the shaded area about  
            the neutral axis, 
        r = Radius of the circular section, 
        I = second moment of area of the   
    circular section about the neutral axis,  
       b = Width of the strip JK. 
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 We know that in a circular section, 
width of the strip JK, 
 
 





. Moment of this area about the neutral axis 
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  Now moment of the whole shaded area 
about the neutral axis may be found out by 
integrating above equation between the 
limits y and r, i.e., 
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Differentiating both sides of the above equation, 
   2b· db = 4 (- 2y) dy = - 8y· dy 
                             y·dy = -1/4.b.db 
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 We know that when y = y, width b = b and when y 
= r, width b = 0. Therefore, the limits of integration 
may be changed as “b to zero” in the above 
equation.  
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b 
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  Now substituting this value of ay in the 
original formula for the shear stress, i.e., 
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  Thus we again see that shear stress 
increases as y decreases.  
 At a point, where y = r, shear stress= 0 and 
the shear stress is maximum where y is 
zero( at neutral axis). 
 
   We also see that the variation of shear 
stress is a parabolic curve. 
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To find the value of maximum shear stress  
substitute y=0 and                      in the above equation,  
we get, 
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 The shear stress distribution diagram is 
shown in Fig. 
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Ex:35. A wooden beam 100 mm wide x 250 
mm deep and 3 m long is simply 
supported at its ends. It carries a u.d.l of 
40 kN/m over the entire length. Determine 
the maximum shear stress and sketch the 
variation of shear stress along the depth of 
the beam. 
Sol: 
uniformly distributed load (w) = 40 kN/m  
        = 40 N/mm. 
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and area of beam section, 
A = b· d = 100 x 250 = 25 000 mm2 
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.
.
. Average shear stress across the section 
and maximum shear stress, 
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  The diagram showing the variation of 
shear along the depth of the beam is 
shown in Fig. 




Ex: 36. An I-section as shown in Fig is subjected 
to a shearing force of 200 kN. Sketch the 
shear stress distribution across the section. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
  We know that the second moment of 
area of the I-section about it horizontal 
centroidal axis (x-x), 
 
 
   
  We also know that shear stress at the 
upper edge of the upper flange is zero.  
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 The shear stress distribution diagram 
across the section is shown in Fig. 




Ex.37. A T-shaped cross-section of a beam 
shown in Fig.  is subjected to a vertical shear 
force of 100 kN. Calculate the shear stress at 
important points and draw shear stress 
distribution diagram Moment 
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Dimensions are in mm  Y‟ 
N A 
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Shear stress distributions over some common sections 
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Shear stress distributions over some common sections 
 UNIT 3      TORSION  
SHAFT 
When you ride a bicycle, you transfer power 
from your leg to the pedals, and through shaft 
and chain to the rear wheel. 
In a car, power is transferred from the engine 
to the wheel, requiring many shafts that form 
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Shaft… 
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Fig.6.2 
Shaft… 
“ any structural member that transmits 
torque from one plane to another is 
called a shaft” 
A member is said to be in torsion when it 
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Torque 
Twisting moments or torques are forces acting 




Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
 Torsion 
 Torsion is the twisting of a straight bar when 
 it is loaded by twisting moments or torques  that 
tend to produce rotation about the  longitudinal axis 
of the bar. 
  
        For instance, when we turn a screw driver to 
 produce torsion, our hand applies torque ‘T’ 
 to the handle and twists the shank of the 
 screw driver.  
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• Torsion 
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Torsion 
In engineering problems many members are 
subjected to torsion.  
 
Shafts transmitting power from engine to the 
rear axle of automobile, from a motor to 
machine tool and from a turbine to electric 
motors are the common examples of members 
in torsion. 
 
A common method of transmitting power is by 
means of torque in a rotating shaft. 
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Turbine  exerts torque T on the  shaft. 
 
Shaft transmits the torque to the generator. 
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Generator creates an equal and 
opposite torque T. 
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Bars subjected to Torsion 
  
 Let us now consider a straight bar   
supported at one end and acted upon by 
 two pairs of equal and opposite 
forces  as  shown in Fig.. 
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Bars subjected to Torsion 
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Definition of Torsion 
When a pair of forces of equal magnitude 
but opposite directions acting on body, it 
tends to twist the body. It is known as 
twisting Moment or torsional moment or 
simply as torque. 
In the case of a circular shaft if the force is 
applied tangentially and in the plane of 
transverse cross section, the torque may 
be calculated by multiplying the force with 
the radius of the shaft. 





A member is said to be in pure torsion 
when its cross sections are subjected to 
only torsional moments and not 
accompanied by axial forces or bending 
moment. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
  SIMPLE TORSION THEORY  
 When a uniform circular shaft is subjected to 
a torque,  it can be shown that every section 
of the shaft is subjected to a state of pure 
shear   The moment of resistance 
developed by the shear stresses being 
everywhere equal to the magnitude, and 
opposite in sense, to the applied torque.  
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Shear System Set Up on an Element in the 
Surface of a Shaft Subjected to Torsion 
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 For the purposes of deriving a simple theory to 
describe the behaviour of shafts subjected to 
torque it is necessary to make the following 
basic assumptions: 
Assumptions Made in Theory of Torsion 
1. The material of the shaft is homogeneous, 
perfectly elastic and obeys Hooke’s law. 
2. Twist is uniform along the length of the 
shaft 
3. The shear stress induced does not exceed 
the limit of proportionality. 
4. Strain and deformations are small. 
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Assumptions Made in Theory of Torsion 
 
5. The sections which were plane and circular 
before twisting remain plane and circular 
after twisting . (This is certainly not the case 
with the torsion of non-circular sections.) 
6. Cross-sections rotate as it rigid, i.e. every 
diameter rotates through the same angle. i.e., 
Radial lines remain radial even after applying 
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• Practical tests carried out on circular 
shafts have shown that the theory 
developed below on the basis of these 
assumptions shows excellent correlation 
with experimental results. 
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• Derivation of Torsional Equations 
• Consider a shaft of length L, radius R fixed at 
one end and subjected to a torque T at the 
other end as shown in Fig.  
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Induced shear  
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Strength of a solid shaft 
• consider the torsional resistance  developed by 
an elemental area ‘da' at a distance ‘r’ from 
centre (Ref. Fig.). 
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 Unit for Power 
• If T is taken in N-m, then unit of power is in N-
m/sec i.e. Watt.  
• Since Watt is a small quantity in practice, it is 
expressed in kilo watts (kW). 
• Old practice was to express power in Horse 
Power unit. It may be noted that 
• One Horse Power(HP) = 0.746kW 
    = 746 Watts 
    = 746 N m/sec. 
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 Ex. 43 Compare the weight of a solid shaft 
with that of a hollow one having same length 
to transmit a given power at a given speed, if 
the material used for the shafts is the same. 
Take the inside diameter of the hollow shaft 
as 0.6 times the outer diameter. 
•  soln 
 Let d be the diameter of solid shaft 
 d1 the outer diameter of hollow shaft 
 ... Inner diameter of hollow shaft = 0.6 d1 
 Let P  =Power to be transmitted 
 N = r.p.m. 
  and T = the corresponding torque. 
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• Ex. 44. Prove that a hollow shaft is stronger 
and stiffer than the solid shaft of the same 
material, length and weight. 
• Solution 
• Let d be the diameter of solid shaft 
• d1 be the outer diameter of hollow shaft and 
d2 inner diameter of hollow shaft. 
• The two shafts have equal weight and 
length and are of same material.  
• Hence, equating the weight of solid shaft to 
that of hollow shaft, we get, 
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• Ex: 45. A solid shaft transmits 350 kW at 
120 rpm. If the shear stress is not to 
exceed 70N/mm2, what should be the 
diameter of the shaft? If this shaft is to be 
replaced by a hollow one whose internal 
diameter = 0.6 times outer diameter, 
determine the size and the percentage 
saving in weight, the maximum shearing 
stress being the same. 
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Ex. 46. What percentage of strength of a solid 
circular steel shaft 100 mm diameter is lost by 
boring 50 mm axial hole in it? Compare the 
strength and weight ratio of the two cases. 
• Solution 
Diameter of solid shaft 
d= 100mm 
Diameter of hollow shaft: 
outer, d1 = 100mm 
inner, d2 = 50 mm 
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Ex:47. A solid shaft of mild steel 200mm in 
diameter is to be replaced by hollow shaft of 
alloy steel for which the allowable shear 
stress is 22percent greater. If the power to 
be transmitted is to be increased by 20 
percent  and the speed of rotation increased 
by 6 percent. Determine the maximum 
internal diameter of the hollow shaft. The 
external diameter of the hollow shaft is to be 
200mm.      
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COMPOUND SHAFTS 
 
Compound shafts are shafts made up of a number of 
small shafts of different cross-sections or of different 
materials connected to form a composite shaft to 
transmit or resist the torque applied.  
 Types 
 
  Shafts in series  
 
 Shafts in parallel 
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Shafts in series: 
In order to form a composite shaft sometimes 
number of small shafts of different cross-sections 
or of different materials shafts are connected in 
series.  
To analyze these shafts, first torque resisted by 
each portion is found and then individual effects 
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Shafts in series: 
 
 At fixed end torque of required magnitude 
develops to keep the shaft in equilibrium. 
 
The torques developed at the ends of any 
portion are equal and opposite. 
 
The angle of twist is the sum of the angle 
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Shafts in Parallel: 
 The shafts are said to be in parallel when 
the driving torque is applied at the junction of the 
shafts and the resisting torque is at the other 
ends of the shafts .  
Here, the angle of twist is same for each shaft, 
but the applied torque is shared between the two 
shafts. 
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• Ex :48. A solid stepped shaft, ABC, is fixed 
at A, and is subjected to torques TB = 880 
N·m and TC = 275 N·m as shown in Fig.. 
Segment AB has a length of 1.5 m and 
diameter 50 mm. Segment BC has a 
length 1.0 m and diameter 30 mm. The 
material is steel with a shear modulus of G 
= 77 GPa. Determine (a) the maximum 
shear stress in AB, (b) the maximum shear 
stress in BC, and (c) the total angle of twist 
of shaft ABC, θAC .  









• Fig. (a) A stepped-shaft subjected to torques TB 
and TC . (b) FBD of entire system.  
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Ex:49. A stepped  shaft is subjected to torque as 
shown in Fig.  Determine the angle of twist at 
the free end. Take G = 80 kN/mm2 . Also find the 
maximum shear stress in any Step. 
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Fig. (b) shows the free body diagram of the 
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• Ex:50. A brass tube of external diameter  80 
mm and internal diameter 50 mm is closely 
fitted to a steel rod of 50 mm diameter to 
form a composite shaft. If a torque of 10 
kNm is to be resisted by this shaft, find the 
maximum stresses developed in each 
material and the angle of twist in 2 m length. 
  
         Take Gb = 40 x 10
3 N/mm 2 
         Gs = 80x 10
3N/mm2 
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• Ex:51. A bar of length 1000 mm and diameter 60 
mm is centrally bored for 400 mm, the bore 
diameter being 30 mm as shown in Fig. (a). If the 
two ends are fixed and is subjected to a torque of 
2 kNm as shown in figure, find the maximum 
stresses developed in the two portions. 
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Fig 7.6(b) 
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Springs 
 Definition:  
A spring may be defined as an elastic 
member whose primary function is to 
deflect or distort under the action of 
applied load; it recovers its original shape 
when the load is released.  
           or 
Springs are energy absorbing units whose 
function is to store energy and to restore it 
slowly or rapidly depending on the 
particular application.  
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Springs… 
Springs are used in railway carriages, 
motor cars, scooters, motorcycles, 
rickshaws, governors etc. 
 According to their uses, the springs 
perform the following functions: 
(i) To absorb shock or impact loading as 
in carriage springs. 
(ii) To store energy as in clock springs. 
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Springs… 
(iii) To apply forces to and to control 
motions as in brakes and clutches. 
(iv) To measure forces as in spring 
balances. 
(v) To change the variations 
characteristic of a member as in flexible 
mounting of motors. 
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Types of Springs  
 Helical spring: They are made 
of wire coiled into a helical 
form, the load being applied 
along the axis of the helix.  
 In these type of springs 
the  major stress is torsional 
shear stress due to twisting.  
     Types: (a) Close-coiled, and  
      (b) Open-coiled 
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(ii) Spiral springs: They 
are made of flat strip of 
metal wound in the form 
of spiral and loaded in 
torsion.  
In this the major 
stresses are tensile and 
compressive due to 
bending.  
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Fig 7.11 
(iii) Leaf springs:  
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These type of springs are used in 
the automobile suspension system 
Leaf springs…  
They are composed of flat bars of varying 
lengths clamped together so as to obtain 
greater efficiency .  
Leaf springs may be full elliptic, semi elliptic 
or cantilever types, 
 In these type of springs the major stresses 
which come into picture are tensile & 
compressive.  
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Close-coiled helical spring with 'Axial load' 
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when the spring is 
being subjected to an 
axial load to the wire of 
the spring gets be 
twisted like a shaft.  
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• Assumptions: 
 (1) The Bending & shear effects may be 
neglected  
 (2) For the purpose of derivation of formula, the 
helix angle is considered to be so small that it 
may be neglected. 
Any one coil of a such a spring will be assumed 
to lie in a plane which is nearly perpendicular to 
the axis of the spring. This requires that 
adjoining coils be close together. With this 
limitation, a section taken perpendicular to the 
axis the spring rod becomes nearly vertical.  
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• Hence to maintain equilibrium of a 
segment of the spring, only a shearing 
force V = W and Torque T = WR are 
required at any cross section.  
 
• In the analysis of springs it is customary to 
assume that the shearing stresses caused 
by the direct shear force is uniformly 
distributed and is negligible 
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D = mean coil diameter  
d = diameter of spring wire  
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Ex:56 A close-coiled helical spring is to have 
a stiffness of 900 N/m in compression, with a 
maximum load of 45N and a maximum 
shearing stress of 120 N/mm2. The solid 
length of the spring (i.e., coils touching) is 45 
mm. Find: 
(i) The wire diameter, 
(ii) The mean coil radius, and 
(iii) The number of coils. 
Take modulus of rigidity of material of the 
spring 
= 0·4 x 105 N/mm2. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Ex:57. For a close-coiled helical spring 
subjected to an axial load of 300 N having 12 
coils of wire diameter of 16mm, and made 
with coil diameter of 250 mm, find: 
(i) Axial deflection; 
(ii) Strain energy stored; 
(iii) Maximum torsional shear stress in the 
wire; 
(iv) Maximum shear stress using Wahl's 
correction factor. 
Take: G = 80 GN/m2 
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• Close – coiled helical spring subjected 
to axial torque T or axial couple.  
 
When a twisting couple is applied to the spring 
parallel to the axis of the spring wire it produces 
a bending effect on it.  
 
Depending upon the direction of application of 
the twisting couple or turning moment the spring 
coils will close or open out.  
 
In both cases the radius of coils changes and 
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• Ex:58. A closely coiled helical spring made 
of wire 5 mm in diameter and having an 
inside diameter of 40 mm joins two shafts. 
The effective number of coils between the 
shafts is 15 and 735 Watt is transmitted 
through the spring at 1000 r.p.m. Calculate 
the relative axial twist in degrees between 
the ends of spring and also the intensity of 
bending stress in the material. E = 200 
GN/m2. 
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Ex:59. A close-coiled helical spring made of round 
steel wire 6 mm diameter having 10 complete 
turns is subjected to an axial couple M. The mean 
coil radius is 42mm. If the maximum bending 
stress in spring wire is not to exceed 240 MN/m2, 
determine: 
(i) The magnitude of axial couple M; 
(ii) The angle through which one end of spring is 
turned relative to the other end. 
Take: Esteel = 200 GN/m
2 
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Solution. Diameter of steel wire, 
d = 6 mm  
Number of complete turns, n = 10 
Mean coil radius, R = 42 mm  
Maximum bending stress, ζb = 240 N/mm
2 
 Esteel  = 200 GN/m
2 
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                           UNIT – 4 
DEFLECTION OF BEAMS AND COLUMN 
THEORIES 
 
DEFLECTION OF BEAMS 
The deformation of a beam is usually expressed 
in terms of its deflection from its original 
unloaded position.  
The deflection is measured from the original 
neutral surface of the beam to the neutral 
surface of the deformed beam.  
The configuration assumed by the deformed 














    Elastic curve 
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Accurate values for these beam deflections 
are sought in many practical cases: 
 
In buildings, floor beams cannot deflect 
excessively to avoid the undesirable 
psychological effect of flexible floors to the  
occupants and to minimize or prevent 
distress in brittle-finish materials;  
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Elements of machines must be sufficiently 
rigid to prevent misalignment and to 
maintain dimensional accuracy under load; 
 
likewise, information on deformation 
characteristics of members is essential in 
the study of vibrations of machines as well 
as of stationary and flight structures. 
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Methods of Determining Beam Deflections 
 
Double integration method 
Macaulay‟s method 
Area –moment method (Mohr‟s Theorem) 
Conjugate beam method 
Strain energy method 
Method of super position 
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• The first integration y' yields the slope of 
the elastic curve and the second integration 
y gives the deflection of the beam at any 
distance x.  
• The resulting solution must contain two 
constants of integration since EI y" = M is 
of second order.  
• These two constants must be evaluated 
from known conditions concerning the 
slope deflection at certain points of the 
beam 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
2. For slope and deflection: 
   (i) if you measure x from left end, then clockwise 
slope is positive and downward deflection is 
positive  
 (ii) if you measure x from right end, then anti-
clockwise slope is positive and downward deflection 
is positive        
                   + x 
 
           + Y 
 







DOUBLE INTEGRATION METHOD 
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Ex:63 
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Ex:64 A Cantilever is subjected to u.d.l over 
the entire length. Derive equations for slope 
and deflection and find the slope and 
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Ex :66. Cantilever with u.d.l over a length from 
the free end. 




Ex:67. A Cantilever is subjected to triangular 
load as shown in Fig. Derive equations for 
slope and deflection and find the slope and 
deflection at the free end.  
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Ex:69. A simply supported beam of length L 
carries a concentrated load W at mid span. 
Derive equations for slope and deflection and 
determine the slope at the supports and 
maximum deflection in the beam. 
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Ex.70: Derive equations for slope and deflection 
and determine the maximum deflection in a 
simply supported beam of length L carrying a 
uniformly distributed load of intensity w applied 
over its entire length. 
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  MACAULAY‟S METHOD 
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• Macaulay‟s Method: 
Using the double integration method to find 
expressions for the deflection of loaded 
beams, it is normally necessary to have a 
separate expression for the Bending 
Moment for each portion of the beam 
between adjacent concentrated loads or 
reactions.  
Each portion will produce its own equation 
with its own constants of integration. 
 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
• Macaulay‟s Method: 
  It will be appreciated that in all but the 
simplest cases the work involved will be 
laborious, the separate equations being linked 
together by equating slopes and deflections 
given by the expressions on either side of 
each "junction point”. 
 
However a method devised by Macaulay 
enables one continuous expression for 
bending moment to be obtained and provided 
that certain rules are followed that the 
constants of integration will be the same for all 
sections of the beam.  
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• Ex 71: A simply supported beam of length L 
carries a load W at a distance ‘a’ from one end 
( a > b). Find the slope at the supports, slope 
and deflection under the load. Also find the 
position and magnitude of the maximum 
deflection. 
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Fig. 8.14 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Ex:72 Find the deflection at C in the beam 
loaded as shown in Fig. (a)  










A B C 







Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
10 kN 12 kN 





Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
10 kN 12 kN 







VA=8.67 kN VB=13.33 kN 
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Slope x Value Equation 
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Table 8.1 
Deflection x Value Equation 
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Fig. 8.26  
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Fig. 8.27 
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 Hence the elastic curve (deflected 
shape) is as shown in Fig.  
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MOMENT AREA METHOD 
(MOHR’S THEOREMS) 
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The moment-area method, developed  by 
Mohr, is a powerful tool for finding the 
deflections of members primarily  subjected 
to bending. 
 
This method is used generally to obtain 
displacement and rotation at a point on a 
beam. 
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Consider a length of beam AB in its 
undeformed and deformed state, as shown 
in Fig 9.1 
P1Q1 is a very short length of the beam, 
measured as „ds‟ along the curve and „dx‟ 
along the x-axis. 
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„dθ‟ is the angle subtended at the centre of 
the arc „ds‟. 
M is the average bending moment over 
the portion „dx‟ between P and Q. 
The distance dΔ is the vertical intercept 
made by the two tangents drawn through 
P1 and Q1 on the vertical line passing 
through B. 
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Mohr’s Theorem I: 
The change in slope between the tangents 
drawn to the elastic curve at any two points 
is equal to the product of 1/EI multiplied by 
the area of the moment diagram between 
those two points. 
(OR) 
The change in slope over any length of a 
member subjected to bending is equal to the 
area of the curvature diagram over that 
length. 
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Mohr‟s Theorem II: 
The deviation of any point B relative to the 
tangent drawn to the elastic curve at any other 
point A, in a direction perpendicular to the 
original position of the beam, is equal to the 
product of 1/EI multiplied by the moment of an 
area about B of that part of the moment 
diagram between points A and B. 
(OR) 
For an originally straight beam, subject to 
bending moment, the vertical intercept between 
the tangent to the curve of one terminal and the 
tangent to the curve of another terminal is the 
first moment of the curvature diagram about the 
terminal where the intercept is measured. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
SIGN CONVENTION 
For bending moment: 
 sagging bending moment is positive 
For slope: 
 when tangents are drawn at two points 
of the elastic curve and the angle measured 
from the tangent at left hand point to the 
tangent at the right hand point, if anti-
clockwise, the angle is +ve and the total 
area of bending moment diagram between 
two points will be +ve and vice versa 
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SIGN CONVENTION 
For deviation: 
 The intercept by the two tangents, 
drawn at two points on the deflection curve, 
on the vertical taken at a point, if below the 
deflection curve will be taken as +ve and the 
total moment of area of bending moment 
diagram between the two points about the 
vertical will be +ve and vice versa 
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Fig.9.2 
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Sign convention for  slope and deviation 
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Expressions for Area and horizontal 
distance of C.G  of  some common 
familiar BM diagrams 
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Ex:79. A simply supported beam of span 6m of 
uniform section is subjected to two points of 
10kN each at its two-third span points as 
shown in Fig. Determine slope at A,B,C, D & E 
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Ex: 80. A simply supported beam has 
flexural rigidity of 2EI for the left half span 
and EI for the right half span as shown in 
Fig. Determine the slope at A,B and C and 
deflection at C if the beam is subjected to a 
concentrated load of W at its mid span. 
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Ex.81  The middle half of the beam shown in 
Fig. has a moment of inertia 1.5 times that of 
the rest of the beam. Find the mid span 
deflection.  
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 Ex:83. A cantilever subjected to a 
point load W applied at a distance 
“a” from the fixed end. Find the 
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Ex: 84. A cantilever subjected to a U.D.L over 
the entire length. Find the slope and deflection 
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Ex: 85. A cantilever is subjected to a couple at 
free end . Find the slope and deflection at the 
free end.  
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Ex:86. A cantilever of span „l‟ has flexural 
rigidity of 2EI for a half span from fixed end 
and EI for the remaining half span as shown in 
Fig. Determine the slope and deflection at B 
and C. 
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Fig.9.28 
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Ex.89. For the cantilever beam shown in Fig. 
determine the value of EIδ at the left end. Is 
this deflection upward or downward? 
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THEORY OF COLUMNS 
 
We come across various instances of 
members subjected to compressive 
loads.  
These members are given different 
names depending upon the particular 
situation in which they are placed. 
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Post is a general term applied to a 
compression member. 
Columns, pillars and stanchions are 
vertical members used in building frames. 
Strut is a compression member in a truss 
 (Tie is a tension member in a truss) 
 Other examples: piston rods, 
 connecting  rods, side links in 
 forging machines etc.,  
Boom is the principal compression 
member in a crane. 
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A structural member whose lateral 
dimensions are small as compared to its 
length and subjected to compressive 
force is known as a strut. 
A strut may be horizontal, inclined or 
vertical. But a vertical strut, used in 
buildings or frames is called column. 
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CLASSIFICATION OF COLUMNS 
1. Short column: 
Short column fails by crushing (compressive 
yielding) of the material. 
2. Long column: 
Long column fails by buckling or bending.  
( geometric or configuration failure) 
3. Intermediate column: 
Intermediate column fails by combined 
buckling and crushing. (failure due to both 
material crushing and geometrical instability) 
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• When a slender 
member is subjected to 
an axial compressive 
load, it may fail by a 
condition called 
buckling.  
• Buckling is a geometric 
instability in which the 
lateral displacement of 
the axial member can 
suddenly become very 
large (Figure 10.1). 
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BUCKLING 
• Buckling: 
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Examples of structural members and 
systems that are subjected to loads that may 
cause buckling are: 
 
1. Building columns that transfer loads to the 
ground; 
2. Truss members in compression; 
3. Machine elements 
4. Submarine hulls subjected to water 
pressure 
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STATES OF EQUILIBRIUM  
( concept of elastic stability) 
From mechanics it is known that a 
body may be in three types of 
equilibrium 
i.e., Stable equilibrium       
     Neutral equilibrium  
 Unstable equilibrium 
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Mechanism of buckling  
• Let us consider Figures 10.4 , 10.5 , and 
10. 6  and study them very carefully 
• In Figure 10.4 some axial load P is applied 
to the column,  
• The column is then given a small 
deflection by applying the small lateral 
force F 
• If the load P is sufficiently small, when the 
force F is removed, the column will go 
back to its original straight condition 
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Mechanism of Buckling 
• The column will go back to its original 
straight condition just as the ball returns to 
the bottom of the curved container. 
• In Fig.10.4 of the ball and the curved 
container, gravity tends to restore the ball 
to its original position, while for the column 
the elasticity of the column itself acts as 
restoring force 
• This action constitutes stable equilibrium 
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Fig. 10.5 
( Neutral equlibrium) 
Mechanism of Buckling 
• In figure 10.5 of the ball and the flat 
surface, the amount of deflection will 
depend on the magnitude of the lateral 
force F. 
• Hence, the column can be in equilibrium in 
an infinite number of slightly bent positions. 
• The action constitutes neutral or precarious 
equilibrium 
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Fig. 10.6 
Mechanism of buckling 
• Depending on the magnitude of P, the 
column either will remain in the bent 
position or will completely collapse and 
fracture, just as the ball will roll off the 
curved surface as in Figure 10.6. 
• This type of behavior indicates that for axial 
loads greater than straight position of a 
column is one of unstable equilibrium in 
that a small disturbance will tend to grow 
into an excessive deformation. 
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Buckling  
Definition  
“ Buckling can be defined as the sudden 
large deformation of structure due to a slight 
increase in  an existing load under which the 
structure had exhibited little, if any, 
deformation before the load was increased ” 
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 In this figure 10.7, the two solutions are 
identified as branching paths A and B.  
 
 Path A (the trivial solution) is shown as the 
fundamental path.  
 
 Path B on the other than is shown as the 
post-buckling path.  
 
 The point C where the fundamental path 
meets the post-buckling path is shown as a 
bifurcation point (a point where the fundamental 
path bifurcate (splits) into two or more paths). 
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EULER‟S COLUMN THEORY 
 Euler derived an equation, for the 
buckling load of long column based on 
bending stress (neglecting the effect of direct 
stress). 
 This may be justified with the statement, 
that the direct stress induced in a long column 
is negligible as compared to the bending 
stress. 
Therefore this cannot be used in short 
column. 
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Assumptions in the Euler's Column Theory 
1. Initially the column is perfectly straight and 
the load applied is truly axial. 
2. The cross section of the column is uniform 
throughout its length. 
3. The column material is perfectly elastic, 
homogeneous and isotropic and thus obeys 
Hooke's law. 
4. The length of column is very large as 
compared to its cross-sectional dimensions. 
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5. The shortening of column, due to direct 
compression (being very small) is neglected. 
6. The failure of column occurs due to 
buckling alone  
7. The self weight of the column is neglected 
8. The ends of the column are frictionless 
9. The direct stress is very small compared 
with the bending stress corresponding to the 
buckling conditions. 
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Sign Conventions 
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Fig. 10.7 
1. A moment, which tends to bend the column 
with convexity towards its initial central line 
as shown in Fig. 10.7(a) is taken as 
positive. 
2. A moment, which tends to bend the column 
with its concavity towards its initial central 
line as shown in Fig. 10.7 (b) is taken as 
negative. 
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Types of columns 
Based on the end conditions we have 
four important types of columns 
1. Both end pinned 
2. Both ends fixed 
3. One end fixed and the other end 
pinned 
4. One end fixed and the other end free 
      ( cantilever column) 
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1. COLUMNS WITH BOTH ENDS HINGED 
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Consider a column AB 
of length l hinged at 
both of its ends A and B 
and carrying a critical 
load P. As a result of 
loading, let the column 
deflect into a curved 
form AX1B as shown in 
Fig. 10.8. 
P 
Fig. 10.8 (a) 
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Fig. 10.8 (b) 
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Fundamental Mode  
     (First harmonic) 
 Second harmonic 
(mid point bracing) 
     Third harmonic 
(Third point bracing) 
P1 P2 P3 
Fig. 10.9 
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P 
Fig. 10.10 
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3. COLUMNS WITH ONE END FIXED AND 
THE OTHER HINGED 
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Moment at X,due to 
the critical load P, 
Fig. 10.12 
δ 
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• The equivalent length of a given 
column with given end conditions, is 
the length of an equivalent column of 
the same material and cross-section 
with both ends hinged and having the 
value of the crippling load equal to 
that of the given column. 
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Table 10.1. Effective Length for columns with 
common end conditions. 





1. Both ends 
hinged 
2. One end fixed 
and other free 
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S.No End Conditions Crippling 
Load(P) 
3. Both ends fixed 
4. One end fixed 
and the other 
hinged 
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• Physically, the effective length is the 
distance between points on the buckled 
column where the moment goes to zero, 
i.e., where the column is effectively pinned. 
Considering the deflected shape, the 
moment is zero where the curvature is zero 
(from beam theory).  
• Zero curvature corresponds to an inflection 
point in the deflected shape (where the 
curvature changes sign). 
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Critical Column Stress 
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Critical Column Stress 
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2ArI 
Critical Column Stress 
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Limitations for the use of Euler‟s formula 
 
1. It is applicable to an ideal strut only and in 
practice, there is always crookedness in 
the column and the load applied may not 
be exactly co-axial. 
2. It takes no account of direct stress. It 
means that it may give a buckling load for 
struts, far in excess of load which they can 
be withstand under direct compression. 
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Y=34mm 
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S.No Material 
1 Mild steel  320 
2 Cast iron 550 
3 Wrought iron 250 
4 timber 40 
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If the effective length of the stanchion is 8.5 
m, calculate the safe maximum load, the 
working stress being interpolated from the 
following table 
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20 40 60 80 100 120 140 
123.9 120.3 113.0 100.7 84.0 67.1 53.1 
Fig 
23 mm 23 mm 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
                   UNIT – V  
STRESSES IN TWO DIMENSIONS 
THIN SHELLS 
• In engineering field, we daily come across vessels of 
cylindrical and spherical shapes containing fluids such 
as pipes, tanks, boilers, compressed air receivers etc.  
• Generally, the walls of such vessels are very thin as 
compared to their diameters.  
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• In general, if the thickness of the wall of a shell is 
less than 1/l0th to 1/15th (approximately 7%) of its 
diameter, it is known as a thin shell. 
 
• These vessels, when empty, are subjected to 
atmospheric pressure internally as well as 
externally. In such a case, the resultant pressure on 
the walls of the shell is zero.  
 
 Dr.K.Chinnaraju, Associate Professor, Division of Structural Engineering, Anna University, Chennai - 600 025. 
• whenever a cylindrical shell is subjected to an 
internal pressure, its walls are subjected to tensile 
stresses. 
• It will be interesting to know that if these stresses 
exceed the permissible limit, the cylinder is likely 
to fail in anyone of the following two ways as 
shown in Fig. 11.1 (a) and (b). 
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Fig.11.1 
Stresses in a Thin Cylindrical Shell 
The walls of the cylindrical shell will be 
subjected to the following two types of tensile 
stresses: 
1. Circumferential stress and 
2. Longitudinal stress. 
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In case of thin shells, the stresses are 
assumed to be uniformly distributed across 
the wall thickness.  
However, in case of thick shells, the 
stresses are no longer uniformly distributed 
across the thickness and the problem 
becomes complex. 
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Circumferential Stress 
• Consider a thin cylindrical shell subjected to 
an internal pressure as shown in Fig.11.2(b)  
• We know that as a result of the internal 
pressure, the cylinder has a tendency to 
split up into two troughs Fig.11.2(a)  
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Fig.11.2. Failure of thin cylinder  
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Fig.11.3 
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Fig.11.4. Circumferential stress  
(a) 
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Fig.11.4. Circumferential stress  
(b) (c) 
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Longitudinal (or Axial) stress 
• Consider the same cylindrical shell, 
subjected to the same internal pressure as 
shown in Fig.11.5  
• We know that as a result of the internal 
pressure, the cylinder also has a tendency 
to split into two pieces as shown in the 
figure.11.5(a) 
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Fig.11.5. Longitudinal stress  
(a) 
Fig.11.5. Longitudinal stress  
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(b) 
(c) 
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Therefore the longitudinal stress is given by: 
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•  Note 
• Since  hoop stress is twice the longitudinal stress,  
the cylinder would fail by tearing along a line 
parallel to the axis, rather than on a section 
perpendicular to the axis.   
• The equation for hoop stress is therefore used to 
determine the cylinder thickness. 
•   Allowance is made for this by dividing the 
thickness obtained in hoop stress equation by 
efficiency (i.e. tearing and shearing efficiency) of the 
joint. 
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Ex:97. A stream boiler of 800 mm diameter is made 
up of 10 mm thick plates. If the boiler is subjected to 
an internal pressure of 2 MPa, find the circumferential 
and longitudinal stresses induced in the boiler plates. 
Solution:  
Given:    Diameter of boiler (d) = 800 mm;  
       Thickness of plates (t) = 10 mm and 
      Internal pressure (p) = 2 MPa = 2 N/mm2 
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Ex:98. A cylindrical shell of 1.5 m diameter is made up 
of 16 mm thick plates. Find the circumferential and 
longitudinal stress in the plates, if the boiler is subjected 
to an internal pressure of 2.5 MPa. Take efficiency of the 
joints as 80%. 
Solution:   Given, 
  Diameter of shell (d) = 1.5 m = 1500 mm;  
  Thickness of plates (t) = 16mm;  
  Internal pressure (P) = 2.5 MPa   
  Efficiency (𝜂)= 80% = 0.8 
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Ex:100. A cylindrical shell of 500 mm diameter 
is required to withstand an internal pressure of 
4 MPa. Find the minimum thickness of the 
shell, if maximum tensile strength in the plate 
material is 300 MPa and efficiency of the joints 
is 70%. Take factor of safety as 5. 
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Fig.11.6.  
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Ex:103. A cylindrical boiler is subjected to an 
internal pressure, p.  If the boiler has a mean 
diameter, d and a wall thickness, t, derive 
expressions for the hoop and longitudinal 
stresses in its wall.  If Poisson‟s ratio for the 
material is 0.30, find the ratio of the hoop 
strain to the longitudinal strain and compare 
it with the ratio of stresses. 
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WIRE-BOUND THIN CYLINDRICAL SHELLS 
• Sometimes, we have to strengthen a cylindrical 
shell against bursting in longitudinal section(i.e., 
due to hoop or circumferential stress).  
• This is done by winding a wire under tension, 
closely round the shell as shown in Fig. 11.7. 
•  Its effect will be to put the cylinder wall under 
initial compressive stress. 








The tension in wires gives rise to external 
pressure on the cylinder and hence introduces 
compressive hoop stress in the cylinder. 
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Fig. 11.7. 
• When internal pressure is applied, hoop 
tension is introduced.  
• Hence, net hoop stress is algebraic sum of 
the above two types of stresses, which is 
obviously less than hoop tension that would 
have developed if there is no wire winding.  
• This technique of strengthening cylinders is 
usually adopted for materials which are not 
very strong in tension (like cast iron) and in 
such cases steel wires are used. 
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Fig. 11.8. 
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Fig. 11.9. 
𝜎wo  𝜎wo  
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Ex:105. A cylinder made of bronze 180 mm 
outside diameter and 15 mm thick is 
strengthened by a single layer of steel wire 
2·25 mm diameter wound over it under a 
constant stress of 75 MN/m2. The cylinder is 
subjected to an internal pressure of 27 MN/m2 
with rise in temperature  of the cylinder by 
120°c. Assuming the cylinder to be a thin shell 
with closed ends.  
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THIN SPHERICAL SHELLS 
• Consider a thin spherical shell subjected to 
an internal pressure as shown in Fig. 11.12 
•   
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CYLINDRICAL SHELL WITH HEMISPHERICAL 
ENDS 
Fig. 11.15 shows a thin cylindrical shell with spherical 
ends. 
Let d = internal diameter of the cylinder 
t1 = wall thickness of cylindrical portion 
t2 = wall thickness of hemispherical portion 
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Ex:108. The dimensions of an oil storage tank 
with hemispherical ends are shown in the Fig. 
The tank is filled with oil and the volume of oil 
increases by 0.1% for each degree rise in 
temperature of 10C.  If  the coefficient of linear 
expansion of the tank material is 12 x 10-6 per 
0C, how  much oil will be lost if the 
temperature rises by 100C 
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BIAXIAL STATE OF STRESS   
So far we have considered stresses arising in 
bars subjected to axial loading, beams 
subjected to bending and shafts subjected to 
torsion, as well as several cases involving thin 
walled pressure vessels. 
It is to be noted that we have considered a 
member, for example, to be subjected to only 
one loading at a time, such as bending.  
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Biaxial state of stress  … 
But frequently members are simultaneously 
subjected to several of the previously 
mentioned loading, and it is required to 
determine the state of stress under these 
conditions. 
The wall of a thin walled cylinder is in a 
biaxial state of stress (hoop stress in 
circumferential direction and longitudinal 
stress in length direction) 
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The wall of a thin walled sphere is in a 
biaxial state of stress (hoop stress in two 
orthogonal directions) 
 
 An element in a web of beam has normal 
stress and shear stress due to bending or 
loading. 
 
A bar subjected to axial load and twisting, 
the material has normal stress due to axial 
load and shear stress due to torsion. 
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TRANSFORMATION OF PLANE STRESSES 
  
• Though the state of stress at a point in a 
stressed body remains the same, the normal 
and shear stress components vary as the 
orientation of plane through that point 
changes.  
• Under complex loading, a structural member 
may experience larger stresses on inclined 
planes than on the cross section.  
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Transformation of plane stresses….  
• The knowledge of maximum normal and 
shear stresses and their plane's orientation 
assumes significance from failure point of 
view.  
• The material will fail (or crack) along the 
plane on which the normal stress is 
maximum. 
• Hence, it is important to know how to 
transform the stress components from one 
set of coordinate axes to another set of co-
ordinates axes.  
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Sign convention 
 
Orientation of the plane:  
Anticlockwise direction is positive if measured from 
vertical plane 
 
Normal stresses :   Tensile positive 
 
Shear stresses :  
Shear stress on vertical plane which tends to rotate 
the element in anticlockwise direction is positive. 
 
i.e., sign convention as shown in Fig.12.1 is positive 
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• Principal Stresses and principal 
planes 
• From transformation equations, it is clear 
that the normal and shear stresses vary 
continuously with the orientation of planes 
through the point.  
• Among those varying stresses, finding the 
maximum and minimum values and the 
corresponding planes are important from 
the design considerations.  
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Ex:110. At a point in the web of a girder the bending 
stress is 60 N/mm2 tensile and the shearing stress at 
the same point is 30 N/mm2 . Determine  
a) Principal stresses and principal planes 
b) Maximum shear stress and its orientations 
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Ex:111. At a point in a strained material the 
resultant intensity of stress across a plane is 
113.14 N/mm2 tensile inclined at 45˚ to its normal 
as shown in Fig. 12.9. The normal component of 
intensity across the plane at right angles is 30 
N/mm2 compressive. Find the position of principal 
planes and stresses across them. Find also the 
value of maximum shear at that point. 
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Maximum shear plane 
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CONSTRUCTION OF MOHR’S CIRCLE 
Sign convention 
Normal stress:  
Tensile positive 
Shear stress: 
Shear stresses on two opposite and parallel 
planes which tend to rotate the element in 
anticlockwise direction is positive. 
Orientation of planes: 
Anticlockwise with respect to the reference plane 
(corresponding to the state of stress on the 
vertical plane) 
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Construction of Mohr‟s circle… 
 
Step 1: Select suitable (same) scale for normal 
stresses (X- axis) and shear stresses(Y- axis) 
 
Step 2: Mark the points A and B on the graph 
corresponding to the state of stress on the vertical 
plane (A) and horizontal plane (B) by considering 
appropriate sign convention. 
 
Step 3: Join A and B (which is the diameter of 
Mohr‟s circle) by a straight line, which cuts the 
normal stress axis (X axis) at C, which is the centre 
of circle.  
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Construction of Mohr‟s circle… 
Step 4: With C as centre and AB as diameter draw a 
circle, which is the required circle representing the 
state of stress on the element. 
Note: 
The circle cuts the normal stress axis at two points. 
The coordinates of these points are the principal 
stresses ( maximum coordinate value is the major 
principal stress and minimum coordinate value is the 
minor principal stress) and the line connecting these 
points with centre of circle is the corresponding 
representation of principal planes. 
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Ex:112 An element in a strained body is as 
shown in Fig. 12.13 
(i) Find the major and minor principal stresses 
and its corresponding principal planes. 
(ii) Find the maximum shear stress and its 
corresponding planes. 
(iii) Also find the normal and tangential stresses 
on an inclined plane at 60˚ to the vertical 
plane. 
Solve by analytical method, and compare with 
graphical method. 
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Graphical method 
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Ex:113 Find the strain energy stored in a 
simply supported beam subjected to a point 
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Ex:114 Find the strain energy stored in a 
simply supported beam subjected to a point 
load at centre as shown in Fig.12.16 
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Ex:115. Find the strain energy stored in 
a simply supported beam as shown in 
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Fig.12.18 
• Ex:117. Find the strain energy stored due 
to bending in a cantilever subjected to a 
u.d.l as shown in Fig.12.19 Take EI = 
constant throughout  
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